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system is able to track step inputs at d.1/. [We note that with a
zero r input (Fig. 2), the output yp.s/ of the plant P.s/ is given
by ¡P.s/K .s/[I C P.s/K .s/]¡1d.s/; thus, in the steady state, the
component of yp.t/ corresponding to Á.t/ goes to ¡0:1 deg in re-
sponse to the positive step input of 0.1 deg at d.1/.] We note that the
effect of this input to the body rate is low, and the interactions be-
tween the rigid-bodydynamics and the � exible dynamics are rather
low; the rigid-bodydynamicscontinueto in� uence the � exiblebody
dynamics more than vice versa. This is evident from the response
plots of the � exible mode shown in Fig. 4: the overall shape of
these curves are similar to those of the rigid-body rate response
curves.

We now design a controller using the loop shaping technique.
After several iterations we choose the following weighting transfer
functions: W1.s/ D 1=.s C 1/ and W2.s/ D I . The order of the con-
troller is, therefore,six. We note that the responseof the closed-loop
system to a step input of 0.1 deg at the Á channel is similar to that
of the earlier design. We observe a little increase in the de� ection
of the � exible mode and its rate (not shown).

The effect of controller order reduction is evaluated next. In both
cases, the order can be reduced to three with very little change
in the robustness properties or the time-domain performance of
the closed-loop system with reduced-order controllers. Moreover,
a perturbation of 30% in the natural frequency and 15% in the
coupling coef� cients of the � exible modes is observed to have no
effect on the robustness of the closed-loop system and the time-
domain performance for the � rst design; a slight deterioration in
the response of the � exible mode is observed. For brevity, the re-
sponse plots are not included. Thus, the controllers obtained by
the feedback con� guration and the loop shaping technique have
many common characteristics and yield similar closed-loop re-
sponses.

Conclusions
We presented different ways to build the generalized plant. We

showed that the feedback con� guration has certain advantagesover
the cascade con� guration, which can usefully be employed while
computing the H1 robust controller by the Glover–Doyle algo-
rithm. By providing a feedback con� guration interpretation of the
McFarlane–Glover loop shaping technique,we conclude that it has
characteristicssimilar to that of the feedbackcon� guration.We then
establish this by showing that the robust controllersdesignedto con-
trol the roll dynamics of a satellite with � exible appendages gen-
erates closed-loop systems that have similar robustness properties
and time-domain performance.
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Introduction

W E addressthe problemof allocatingseveral redundantcontrol
effectors in the generation of speci� ed body-axis moments.

The effectors are constrained by position limits and are assumed to
be linear in their effectiveness.The optimal solution to this problem
in terms of generatingmaximum attainablemoments for admissible
controls was previouslyaddressed in Refs. 1–3. The computational
complexityof the algorithmdevelopedin Ref. 2 to obtain such solu-
tions is proportional to the square of the number of controls, which
could become problematic in real-time applications.Other methods
that generate solutions for maximum attainablemoments, e.g., null-
spaceintersections,4;5 are evenmore computationallycomplex.This
Note describes a computationally simple and ef� cient method to
obtain near-optimal solutions.The method is based on prior knowl-
edge of the controls’ effectivenessand limits and on precalculation
of several generalized inverses based on those data.

Nature of the Problem
For m controls u with effectiveness B in producing moments m,

the allocationproblemis an underdeterminedsystem of linear equa-
tions m D Bu with admissible controls u 2 Ä, Ä D fu j u i ¸ ui;min,
u i · ui;maxg, i D 1; : : : ; m. The admissible controls map to the at-
tainable moments 8 where 8 D fm j m D Bu; u 2 Äg. The attain-
able moments in 8 are bounded by a polyhedron whose boundary
consists of parallelograms (the facets), each associated with a pair
of controls. The maximum attainable desired moment md in some
arbitrary direction occurs at the intersection of a line in the same
direction as md with a facet on the convex hull. The determination
of the proper facet requires a search that terminateswhen the proper
facet is found: There is no assurance that this will not be the last
facet tested.

The reason for the requirement to search the facets is that there
is no simple way to relate a direction in moment space to the four
directionsthatde� ne theverticesof a particularfacet.As a result, the
facets must be individually tested. There are several ways in which
the search order may be prioritized that will reduce the average
search time, but none of these methods ensure that the worst case
(in which the correct facet is the last one examined) will not often
occur. In real-time applications,the frequentlyoccurringworst case
may drive the timing budgeted for control allocation.

Approximating U
The ideal facets of 8, if such existed, would be those for which

simple tests could be applied to md to determine the facet toward
which it points and for which a subsequent closed-form solution to
the allocation problem existed. Therefore, we seek to approximate
the polyhedron that is 8 with another polyhedronwhose facets sat-
isfy this ideal requirement. We begin by constructing such a poly-
hedron, then determine the closed-form solutions associated with
its facets.

Sectors of Moment Space
The simplest tests are relational among and between the three

components of md . Each componentmay be tested for sign, and the
relative magnitudes of the three components established. The sign
of each of the three components serves to determine the orthant (a
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generalizedquadrant) in which the desiredmoment lies, and the rel-
ative magnitudes further divide each orthant into six sectors. Thus,
moment space may be divided into 48 sectors that are each bounded
by three directions.

De� ne mT
d D fmd1 md2 md3 g. Orthants are numbered from 0 to

7 by binary numbers formed from the signs of the components
according to f¡; ¡; ¡g ) number 0, f¡; ¡; Cg ) number 1, : : :,
fC; ¡; ¡g ) number 4, etc. Sectors within each orthant are arbi-
trarily numbered

1 : md1 > md2 > md3 ; 4 : md3 > md1 > md2

2 : md2 > md1 > md3 ; 5 : md2 > md3 > md1

3 : md1 > md3 > md2 ; 6 : md3 > md2 > md1

For example, a desired moment in the direction f1 ¡3 2g is in
orthant 2, sector 5.

Within each orthant, each sector is an in� nitely high triangular
pyramidwith its apex at the origin and three edges that are half-lines
in moment space. In orthant 7 the three half-linesfor each sector are
in directions of
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The vectors for the sectors of the other seven orthants are sim-
ilar, except the signs of the components of each direction must be
changed to place the vectors in the appropriate orthant. Neglecting
duplications between adjacent sectors, there are 26 directions used
to de� ne the 48 sectors.

These sectors can be used to approximate the attainable moment
subset 8. The intersection of each of the three half-lines of each
sector with the boundary of 8 is calculated.Connecting these three
points de� nes a base for the triangular pyramid in a given sector.
The 48 pyramids thus de� ned are collectively an approximation
to 8. (Note that, if 8 were a sphere, the polyhedron generated
by this method would be a hexakisoctahedron.) The pyramid in
which a given half-line lies and toward whose base it points is easily
establishedby the signs and relative magnitudes of the components
of a vector in that direction. The bases of the triangular pyramids,
therefore, satisfy the � rst half of our requirements for ideal facets.

Closed-Form Solutions Within Sectors
In Ref. 1, we described a technique for tailoring a generalized

inverse to � t exactly the attainable moment subset 8 at a certain
number of points on the boundaryof 8; for the three-momentprob-
lem this number is three. Tailored generalized inverses have long
been considereda curiosity with no practical importance in solving
the general problem. In the context of the sectors de� ned earlier
they are, however, a perfect source of closed-form solutions. For
each sector a tailored generalized inverse may be calculated that
yields the unique solutionsexactly at the three points of intersection
with the boundary of 8. The portion of 8 for which the general-
ized inverse provides admissible solutions is convex and contains
the origin. Therefore, the generalized inverse will provide admis-
sible solutions everywhere within the pyramid associated with the
sector. (It is true that each generalized inverse provides admissible
solutions in other sectors, possibly even improving on the gener-
alized inverse associated with another sector at some points, but
there are no simple rules for determining when it should be used
there.) The technique for determining tailored generalized inverses

for the three-moment problem is more fully addressed in Ref. 5. In
summary, the procedure is as follows:

1) Select the three directions that de� ne the sector.
2) Using any desired method, e.g., direct allocation, determine

the controls u¤
1 , u¤

2 , and u¤
3 and moments m¤

1 , m¤
2 , and m¤

3 at the
intersection of the three directions with the boundary of 8.

3) Form the matrices M , M T D [m¤
1 m¤

2 m¤
3] (moments are rows

of M , a 3 £ 3 matrix), and U , U T D [u¤
1 u¤

2 u¤
3 ] (controls are rows

of U , a 3 £ m matrix).
4)Partition B into B D [B1 B2], where B1 is squareand invertible,

and similarly U into U D [U1 U2].
5) Calculate P2 from P T

2 D M¡1U2 .
6) Calculate P1 D B¡1

1 ¡ B¡1
1 B2 P2 .

7) Assemble P from P T D [PT
1 P T

2 ].

Improving the Approximation
In aircraft control applications the attainable moment subset 8

tends to have different ranges of values along each of its three axes.
In particular, they are elongated along the pitching moment axis
and asymmetrical along that axis as well. The asymmetry in pitch-
ing moments is due to the asymmetry in positive and negative de-
� ection limits of pitching moment surfaces such as the horizontal
tail, which results from the de� nition of zero de� ection. The effect
of disproportionate ranges and asymmetries is to make the simple
orthant–sector division of moment space a poor approximation to
the attainable moment subset. Figure 1 shows the application of
such a division on the example problem introduced in Ref. 2. In
that example, the horizontal tail limits were from ¡24:0 to C10:5
deg, and the trailing-edge� ap limits were from ¡8:0 to C24:0 deg.
In Fig. 1a the entire attainable moment subset is shown. In Fig. 1b
the wireframe outlines the attainablemoment subset, and within the
solid � gure aremoments attainableusing the48generalizedinverses
with admissible controls.The volume so generated is 40.5% that of
the entire volume of 8.

The effect of the differences in the three dimensions of the three
axes may be eliminated by transformations of the sector vectors
in moment space. Thus, we consider sectors de� ned by T vi; j;k for
each vector k of each sector j in each orthant i . If a desired mo-
ment md lies within a transformed sector, then the vector T ¡1md

lies within the untransformed sector. We, therefore, seek T such
that the collective volume of the transformed sectors is greatest. As
before, each transformed sector will have a tailored generalized in-
verse associated with it. We then determine the orthant and sector
of T ¡1md using the usual relational tests and apply the appropriate
generalized inverse to md to determine the controls.

A simple and reasonable � rst guess for T is a diagonal matrix
Tdiagonal with elements in the same ratio as those of the ranges of
attainable values along each axis. For the example problem, this
ratio is Cl : Cm : Cn D 2:48 : 8:60 : 1:00. Figure 2 shows the effect

Fig. 1a Simple orthant–sector division: attainable moments.

Fig. 1b Simple orthant–sector division: orthant-sectors within wire-
frame.
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Fig. 2 Division with diagonal transformation.

Fig. 3 Division with optimal transformation.

of transforming the sectors with these values. Here the volume of
the approximation is 71.1% of maximum. In a linear sense this is
not too bad; if the volumes were spheres the smaller would have a
radius 89% that of the larger.

With some extra effort a better diagonal transformation matrix
may be found. A cost function was formulated as

1 ¡
48

i D 1

voli
volmax

in which voli is the volume of the i th sector. The � rst two diagonal
elementsof T (element3, 3 was set to 1.00) were varied in a simplex
algorithmborrowed from Ref. 6 to minimize the cost function.With
termination criterion of 1:0e ¡ 8 the transformation matrix was
Tdiagonal D diagf2:82 12:3 1:00g and yielded a volume 74.6% of the
maximum(linear,91.0%).The � gure thatresultsis indistinguishable
from that in Fig. 2 and is omitted.

The next logicalstep is to minimize thecost functionusingall nine
elements of T . Again using the simplex algorithm with termination
criterion of 1:0e ¡ 8, this resulted in

Tglobal D

&$ 2:08 ¡1:34e ¡ 4 ¡0:672

0:346 9:68 0:271

0:212 2:12e ¡ 3 1:08

’%

The resulting volume was 77.3% (linear, 92.0%). Figure 3 shows
the polyhedron de� ned by this transformation. Again, there is not
much differencebetween this and Fig. 2, except for a slight shifting
around of uncovered volumes.

In many cases the position de� ned as zero de� ection of a control
is arbitrary. If so, then it is possible to rede� ne the control limits
such that they are symmetric about the zero position. Application
of symmetric control limits resulted in a much larger polyhedral
approximation. The limits of the horizontal tails were rede� ned to
§17:25 deg and of the trailing-edge � aps to §16:0 deg. The results
for the case with no transformation were improved from 40.5 to
46.0%,with theoptimaldiagonaltransformationmatrix from74.6 to
83.6% (with Tdiagonal D diagf3:30 8:86 1:00g), and with the optimal
global transformation matrix from 77.3 to 84.6% (linear, 94.6%).
The results of the global transformationare shown in Fig. 4 with the
transformation

Tglobal D

&$ 3:29 8:33e ¡ 4 ¡3:68e ¡ 2

1:11e ¡ 1 8:94 ¡3:95e ¡ 2

¡1:25e ¡ 1 ¡1:31e ¡ 2 8:84e ¡ 1

’%

Fig. 4 Divisionwith optimal transformation, symmetric control limits.

Algorithm Ef� ciency and Suboptimality
The algorithmpresentedrepresents a tradeoff between ef� ciency

and optimality. Ef� ciency in this sense is execution time relative to
other allocation methods, which is proportional to the number of
� oating-pointoperations required to determine a solution. The data
storage requirements for a given method may also be of concern,
but is not considered here. Optimality is measured by the extent
to which the algorithm yields admissible solutions in response to
demands that are theoreticallyattainable, i.e., the relativevolume of
8 that the algorithm actually attains.

The use of a single (precomputed) generalizedinverse P to gener-
ate solutions u D Pmd requires 5m � oating-point operations (three
multiplications and two additions for each of m controls), which is
very ef� cient. On the other hand, generalized inverses are far from
optimal solutions: In the example problem, the minimum-norm so-
lution (pseudoinverse) attains 34.5% by volume of 8, whereas the
largest (by volume) generalized inverse attains just over 55% of the
attainable moments.

Direct allocation by design attains 100% of 8. The number of
� oating-point operations required by direct allocation is dif� cult
to predict for the general case, but it is known for the worst case.
Assuming a complete description of the geometry of the attainable
moment subsethas beenprecomputed,for a givenmd the facetsof 8
must be searched for the one yielding an admissible solution. Each
test requires the multiplication of md by a (precomputed) 3 £ 3
matrix, or 15 � oating-point operations. The number of facets is
m.m¡1/, and in theworst case all facetswill be tested.The � nal step
in direct allocation requires scaling the results of the test, yielding
a total of 15m.m ¡ 1/ C m � oating-pointoperations.

The polyhedral approximations described replace the tests re-
quired by direct allocation to sign and magnitude comparisons of
the elements of md , which require no � oating-pointoperations.The
test identi� es one of the precomputed generalized inverses, and as
before this requires 5m � oating-point operations to determine the
controls. The optimality of the solution may be greatly improved
over the use of a single generalized inverse (from 55 to 84% by
volume of 8) without increasing the number of � oating-point op-
erations required for solution.

Conclusions
We have shown how polyhedral approximationsto the attainable

moment subset can be constructed. The volumetric sectors of the
polyhedrons are each characterized by simple relations among the
signs and relative magnitudes of vectors within them. Each volu-
metric sector is associatedwith a closed-form(generalized inverse)
solution to the allocation problem that yields optimal (maximum)
solutions at three points and suboptimal solutions in other direc-
tions. The polyhedral approximation requires that the solutions be
precomputed,thus renderingit impracticalfor applicationsin which
control effectiveness and limits are determined or estimated on the
� y. The approximation has computational requirements on a par
with those of single generalized inverses, but it may yield solutions
that are much more nearly optimal.
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Introduction

T HE phugoidfrequencyis thoughtto be inverselyproportionalto
the forward speed, although this has never been proved. Three

counterexamples to this conviction are presented. Subsequently, it
is shown that if the speed alone is varied, keeping the aerodynamic
and thrust derivatives � xed by some means, the phugoid frequency
remains unchanged, establishing that the phugoid frequency is in-
dependentof speed. The widespreadbelief of the dependencyof the
phugoid frequency on speed perhaps results from the fact that, in
most instances,the aerodynamicderivativesvary with speed in such
a manner as to make the phugoid time period roughly proportional
to the speed.

The notation of Roskam1 is used. The thrust derivatives are as-
sumed to be combined with the aerodynamic derivatives; i.e., Xu

stands for Xu C XT u ; Mu stands for Mu C MT u , and M® stands for
M® C MT ® .

Analysis
The earliest approximation to the phugoid mode was put forth

by Lanchester,2 who derived the following expression for phugoid
frequency:

! p D g
p

2=U1 (1)

This simple result suggests the following:
ConjectureA. The phugoid frequencyis inverselyproportionalto

the forward speed.
Data from � ight tests are often in harmony with Conjecture A.

In the absence of more accurate theory, it is widely believed that
Conjecture A is true. This is stated in almost every text on atmo-
spheric � ight dynamics, often substantiatedwith a numerical exam-
ple or two.
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Table 1 Counterexamples to Conjecture A

Page no.
Aircraft in Ref. 3 Altitude Mach number !p , rad/s

F-104 51 Sea level 0.257 0.1520
0.800 0.0504
1.100 0.0523

35,000 ft 0.600 0.0709
0.900 0.0839

Convair 880 A 202 35,000 ft 0.700 0.0528
0.800 0.0538
0.860 0.0504

At the outset, counterexamplesto this conjectureare shown.Con-
sider the data in Table 1 from Hef� ey and Jewell.3

The phugoid frequencyincreaseswith increase in forward speed,
disproving Conjecture A, in three instances in Table 1: when the
mach number increases from 0.8 to 1.1 at sea level for the F-104,
when the mach number increases from 0.6 to 0.9 at 35,000 ft for
the F-104, and when the mach number increases from 0.7 to 0.8 at
35,000 ft for the Convair 880M. These results call for a reexamina-
tion of the age-old statement in Conjecture A.

Consider the following expression for phugoid frequency, pro-
posed by the authors in a recent study:4

!p D
g.M® Zu ¡ Mu Z®/

Mq Z® ¡ U1 M®

(2)

In Ref. 4, numerical simulations involving15 cases of various types
of aircraft under varying � ight conditions were carried out to ver-
ify the authenticity of this expression. The data were taken from
Appendix C of Roskam’s text on � ight dynamics.1 This collection
of data pertains to six modern aircraft in a total of 16 � ight condi-
tions. The aircraft chosen represent diverse missions: a small four-
place transportation airplane, a 19-passenger commuter airliner, a
small jet trainer, a medium-size high-performance business jet, a
supersonic � ghter-bomber,and a large wide-body jet transport.The
� ight conditionsrange from power approachat sea level to cruise at
medium and high altitudes. The database is thus representativeof a
wide spectrum of airplanes and � ight conditions.

It was shown that the approximate expression (2) does not differ
from the exact value by more than 4% in the 15 cases considered.
The correspondingvariation of Eq. (1) from the exact value for the
same 15 cases was shown to be between 0.8% and 52.3%.

Having thus reposed faith in Eq. (2), expand the dimensional
derivatives in terms of the nondimensionalderivatives to obtain

! p D
g Cm®

CLu C 2CL1 ¡ Cmu C 2Cm1 CL®
C CD1

Cmq Nc 2 CL®
C CD1 C .2m=½S/Cm®

(3)

The speed U1 does not appear explicitly in the above equation,
proving that the phugoid frequency is independent of the forward
speed,providedtheaerodynamicand thrustderivativesareheld� xed
by some means. This may be stated as an alternative conjecture.

Conjecture B. The phugoid frequency is independent of the for-
ward speed, provided the aerodynamic and thrust derivatives are
kept constant by some arti� cial means.

Although the approximate equation (2) is a fairly accurate rep-
resentation of the phugoid frequency in the test cases of the recent
study by the authors,4 doubts still may persist over its validity when
the speed is varied over a large band. Such fears are allayed by
a provocative test in which both the approximate and the exact
phugoid frequencies are calculated for a range of speeds varying
from 50 to 1000 ft/s, far exceeding the � ight envelopes of the air-
craft in question.The approximatefrequencyis obtained by solving
Eq. (2) and the exact value is obtained by solving the longitudinal
characteristic equation

As4 C Bs3 C Cs2 C Ds C E D 0 (4)


